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CAPUT VIL
METHODUS SUMMANDI SUPERIOR
ULTERIUS PROMOT A

167,

)t defe€tum methodi fummandl ante graditae fuppleamus,
in hoc Capite eiufinodi feries confiderabimus , quarant term-
ni -generales .magis {int. complcxi-.-.‘Cum igitar expreflio an-
re inventa in progreffionibus geometricis , etll aliis metho-
Bis facillime fammari poffunt , veram fummam finita formu-
1a contentam .mnon pracbeat , hic primum einfmedi feries
contemplabimur , quaruint termini fint produta ex terminis
feriei geometricae & alins cuinfcunque . Sit igieur propolita
haec feries:

I 2 3 4 - =
Cs—apt épz-l-cpg-]—dp‘r-i’— . i . Tt '
quae eft compofita €x geometrica Py P75 pi, &Koo & alia
quacungue erie a3 b4 c+ 4+ & cuins terminus geners-
lis fen indici » refpondens fit ==y, atque expreflionem g
peralem inveftigemus pro valore eips fummae s== S.yp""

£68. Inftitgamus ratiocinium coden modo, quo fupra

ufi fomus, fitque o terminus antecedens ipi ¥ ferie
o+ b+ ¢ d-F&e atque A praecedens ipfi 2 feu is qui -
dicl o refpondet , eritque v p>* texminus generalis huus fe-
yiel :

I 2 3 4 . %

A oapd bprdepit ooy A
cuins fumma, § indicetar per S.wp* erit:

yp* T A

S.op¥I m-;— S, wp* == S.gp*

Cum autem fit:

o ==
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oM

gy , 4y _ 4y dty 4 L
v=y T LT Gdwt 6dx? 2 43 T Ta0dx’ |
erit !

dy ddy .
SW““%”+A—WEQW““}S # o — SZ;

d d4y
s — § — S pre— & Ex qua fit:
6p dmﬂp +24.p da? - 1

dy dd d
= o ypr B8 P S T L pees =L 18 )
P xz .
Si ergo habeantur termini ﬁlmmatorn fenerum quarwm ter-
a dd
mini generales funt P ol E’-‘Z dxgp” . &e.  ex

iis definirl potent terminus fummatouus Syp* .
169. Hinc iam fummae inveniri poterunt ferierum ,
quaram termini Genelales in hac forma ="p*¥ continentur .

Sip enim. yE=at, et A =0, nifi it #==o0, quo
cafu foret A =1, & quia eft:
dy ., 4 o), 2 _An)(m2)
===k 27 - — P
dax z’duz I. 2 dus I, 2. 3
erit o

SNJD”""‘—-"—( "p’"""{"t Apm?za nIpE ‘”(?Z-I) g 72 p¥

wp-r)m2) o T z)(n_a)(ﬂ N t \
i 3 e 1. 2. .0t =5

Ex hac forma nunc fucceflive pw n fubftituende numeres

0, 1,2, 3, &c. obtinebuntur fequentes fommationes ; ac

primo  quidemn fi n=o, fit Az=1, in reliquis. autem ca-
fibus erit A=o:

prtiop_ =)
Y p-1  p-1

gquae eft fumma progreflionis geometricae coguita :

Ddd 5.




wte ] e
S.xpxz.ﬁ_i.QPx“%*IwSQPL):ﬂ%ﬁ{mfi—Ti%
w*  ppr1) o

YT RO

S,:Ac"p'”:-::! (y”p”'i‘Im-*."S wp"’-{'Sp’") {en
w'“* 2pt plpen) prn1)
por - (ot T -

Porro €
Sew’ x““;%(xaljx'-r{,—s Pxn{- 33 NP&""SP ) fert
S,NBPF;—:‘@—%E xpx -1 3(})_1_ )vcpxilwp'-@j_ﬁrp_!_l)(g)x.{)
pot (p-1)* MECERE (p-1)*

. ficque ultenus procriedlendo fuperioruim poteﬁ'atum xEPT

%w5D%5 w b &c. {ummae deﬁnlrl soterunt ‘hoc  vero
5 3

C,D"'l’lihOdlﬂS prae{fabltur ope GXPl'ﬁfﬂOl‘llQ aenm,alu, 3 quam aunc

inveltigabimus .+ -
170 Quoniam invenimus ‘effe:

Sop== ""( gpr Fr-ApS. ip’JrS o ;ﬂwS LA &C')

6dx5
bi A eft einfmod conﬁa'ns., ut fmmm fiat == ﬁ po‘%l—
enr w0 pamgue hoe caln At y=HA, & yp = AP

hanc conftantem omittere po*termw . dmnmode P@ilﬁmo
memmcumus ad {ommam 9q mmque fempel einfmiodi  €on 2ftan-

cemn adiici oportere, ut fflo x = o,.evanelcar, fea ul alii
cpiptam  caful fau\ﬁaf S*catuamua ergo o loco 7, €9
S.p ¥ y iz 5 dz I 4= dx
o e e = S P
=T GO NI
I p¥ g - ks I p* et
e L,s ;’) I—— s e 5

BTN e e -
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d=.  ddz d¥z

Deinde fatnamss fucceffive: T s g;‘—;; &ec. in locum
¥y eritque s
dez ];M-PI do. L _P“'ddz I p”d?' %
Pl e I o bl I I A e antt 61

e pm—1 dx prl dxe  2{p-1) dx?

4 ¥opl ddn 1 % 13 = I #gta
gg—-ﬁjdwfmgﬁw‘“fm“"—‘mmsuf . S.E—-.——-—-.—&
L ~1 Tder p-1 dw? z(p-r) dut

prdiz. pr¥rdin 1 prd+w I p”dfz
S..-—--—&'-"'"" :—: T ”.-_-H-"'“ ..-_'-w"‘- b asanai - &Ce

T 3 p-1. dx® Pk dud 1(]? -1)
‘ &c..

§i igitr bi valores. fucce{ﬁ\re fubﬁltuamu S.p*= huinfmo-

di- fonna exprlmemr B

P"I Z)—wI d&ts* P-—-"I d!ﬁ’ P“—‘I d

Spekr dim gt ds=.

KT o al O

p—rI dxt p—1 da* - |
71, Ad valores. listerarum &, 6, ¢, &, &; & de-

finiendos , fobftitwantur pro quovis ’ termino. feries ante in-

ventae nempe :

p* +iz o I p”;’iz I p”ddz I Spﬂdaz‘
AR o b4 el ¢
p—L ? 4‘p o de 2{p- 1:) Tdn 5(? ) 4t %
Jab Ridw p?d% I, P’dd”’_ _Lg pre 'd3 = TR g
(pm-z)dx d pi o dxt 2(p- I) a’;wg T
prddz o prddz T g, prdiz g
f--—*I)d’G dsa® P"""I, dsx’®
pi G143z prdiz

e T i reaer & o
e F e

Ddd 2 et
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S.oprr

. p¥dz 1 p* ddz . prdi% T prdin
(¥4 ——y e ____-__,._—SD_‘_..._.,_..—-—-J__ S. - e Ny s T
Ssz+p-IS dw  2(p-1) d;c’- " 6(p-1) d;c?' 24{p-1) dx; *

—e = Taem T a
T Q=R

¥

el 9,. R ——

— 1

Pé‘

unde coeficientium @, 65 ¥ 8, &c valores feguentes
obtinebuntur . :

o ==

Pt -
§ = -—]i—l-m—}-%)
)= D
b= o)

& == 9 :

6 == gfzi%q:ﬂ“qqﬂq" iy

o = bgtiogtig=qiTadT ] "

§ = w-l-~%5’q+%ﬁq+;—4 mq""%-%'qa'l'f’iq + 5

g = Sq-l--‘;w-!*%@q‘h‘;,ﬂq-i“%ﬁ

feu s:q5+zq4+%q3+%q*+mq 85
a3g6+%qg+%q4+'%qa+ﬁ‘fz+7%q {en
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feu hoc modo exprim_antur:

_ 4
LR
299+ 4
6= "1 2
6g° 692'{“9'-
= n 3 |
4q¢ + 369° 1497 T4
é’:——-"" L 2 3 4 -
120994‘240@4 i-Ijogs—]-*goq —[—«
3 = 2 A s
720;;6 4~ 1800g3 -I- 1360g*% -+ 340;;4
"= I 2o 3 4 S

504og7 1151209 4.16800;; +84.oog4 4_1%6«73 _]_1'269* .;,q

389

+62q —%—q

o=

1.2.3456

b quiliber coefficiens 16800 oritur , fi fu

eriornm 1360 -+ 1800 per exponcntem
eft 3, multiplicetur .

&e.
mma binorum fu-
ipfins g, qui hic

‘A I
173 Reftituamus autem loco g valorem —,

¢ =

.-
I(P—I)
rt

6 =
o ra(p- 1)
_7:PP+4P+I'
1.2.3(p-1)°
3:P3+11P +rpta
n.2.3.4(p—1)*

_ pitabps H66pradp T i

Lo 20 30 4 3(?"‘“1)5
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R Lo 20 3e 4o 3.6@-—«1)6
g == E—i;[_lmops Lrigiptd 24_15}53_};&191{)24 120pL T
T, % 3 4o 300 7 (P-n—;{)?
: &ec. _
Ley harum quaniitatum jta fe habet, ut fi ponatur termi.

pns quicunqus -

o b Apr A BT P  Dp=~¢ + &
To 2 3 ¢ ¢ R _(72—‘--'1) (Pm{)ffmm

fotorom fit:

B oo g ¥ e
?3(72"‘“"3)

B = 3',:--1 —-«fz,»z”""" _.l,..

I, 2
wln—1) - ﬂ(?}lw—‘l)(:TEmZ)

C — 4_71-—: — 2, 351'—'5 e zﬁ-‘"—i - o eme e i

(1) . n(-) (7-2) ) zﬂ(ngI)(”_'E_)_(f,il

D s g ﬂ""i,—ﬂ 4 ﬂ'—'"r__{_ s mn il 3P ._...—------,---—-—...-—wzl ‘n""I_!r it
W by 3
| I. 2 I. 2. 3 B 2 3 4
&c.

ande ifti coefficientes & 6,9,0, & quoufque libuerit 5
continuari poffunt «

174. Quodfi vero legem, qua hi coefficientes inter fe
cohaerent , confideremus facile patet, €oS {eriem recurren-
sem conftituere , atque prodire hi h?ec frafkio evolvatur :

r o

.__-—-_._..-—___—-,_..—-

| i ot S i et P It
-

% n* %3 Bt
N T 8p-1) 240
prodibit enim. hacc feries:

r L on - Bu® 4 78° R + 8
Popatur illa fradio =V, & com fit:

i

[ P
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e § ubi ¢ eft nmmerns cpius logarithmus

Py ~ hyperbolicns eft = 1.
Arque f valor ipfins V' -per feriem exprimatur fecundum po-
ccftates 1pfius #5 orietur :
VeI "i—a%—}-guz 4~ 93 - Out 4 ens + Zus 4 &ec.
cnins coefficientes & ,9,8, &. emunt ii ipfi , quorum
in Prae{cnti megotio opus habemus. IIs 1gifur 1ovVentls Crit:
‘ pr"_l“j(zmadz éddzmyd3z+ﬁi‘§m8r
hprEE ;:- I dw | dwr  dwd® 0 dxt ‘Cn)
_ -+ Conft. |
quae €80 expreflio eft terminns  fummatorins feriel huius:
ﬂP+bp2+CPa+ . e s e s TTpPER

cuius terminys generalis eft = p#=.

174 Quonlam - 10VERIMAS effe V ﬁ:;—:_’;‘,, ,  erit
[*]

pHrm e t— & logarithmis  fumendis  fiet

w==1(p W = pp1)~IV , hincque; differentiando du=z ——(f-—l-w_

. | - (p-)V

. . ) L {(p=1)dV .

guocirca erit  p¥® == (p == V4 e Quoniam
ergo eft Vo dagtbu? 4 9ud 4 i - gn ¥ -+ &

erit: '

PV o= pb 2apu+ 2Bpu= + 20pu® F 20put - agpus I &

o puz 4 o0bpul - 2a9put + gedpn’ 1+ &,

o Bpme zgp.pwi + &c.

P VEsp— 1"?‘@@-—1}3:') uiﬁg(pm}“)wz +o(p—1)u’

| 2 1yt - e{p— )5 + &
{p—1)dV )8
R P (p- D)at a(p-D)but3(p-1)7%> + 4(p—1)du’

‘ o A s(p— 1) ent + 6(p — 1) &’ - &
quzbus exprefﬁmnbus inter fe coaequatis reperietusr

_(p
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(p
{p
(p

% mz)émm(p-%-r)

3 (p—i1) g == b (pHn) T %P

Q1) 8 ==y (p 1) el

s (p—1)t == 8t 1)+ 2app +62p

& (p—r1) z ==t (pT 1) -+ 20dp + 2870

7 (p—1) 1= 5 (p 1)+ 2oep 269 TP

mi)mm ¥

8ec.

ex quibus formulis f pro p datus nuperls affumatur , va-
lores coelRcientium G, ¢35 7 8, &c. facilius determinarl
poffont, quam ex lege primum inventa.

176. Antequam ad cafus fpeciales ratione valoris ipfius p

defcendamas , ponamus effe === x", ita ut haec {eries fum-

© mari debeat: ' ' o

S‘,:__-___—P,%‘_?‘_up‘z +‘3”P5 ,,E_tkupq,_%_ . e e +xrsz

eritque per exprc{ﬁunem ante inventam :

o P e P a—T EE_._{:.E ﬁ?_ﬁ -y
= (p-._x'i” S e TN RO T
_Qiiigf +_ ...P> ,?_(f_t_[)ﬂgiﬁx”“‘a + &c.)

(p—1)* 123 | |
+ G, quae reddat $==0 fi pomatur # &= 0.

Hinc ponendo pra fucceffive numeros O, Iy 25 3y Ay B
‘ oenit:

QL - P p
s £ o HE | o e =
=t P;I P-Ip - _
A IAY e N ,_E [ PR 1 ._._.._p:_—-
S 'pF = p ( - (P‘"I)“)+ =0
prt __ _2P% ﬁ@ﬂ) et

- Saxtp *“""'P (F_—E (P”“‘I)’_—}-(P—--I)a P—‘I)g
_ Suyspx = p* (Ea—__ﬁf.ﬂ_ +§P_(_E_-_I;j2§ wf_@iﬁw_)
T (p-1)* (p—1) (p___I)4
: +P(P‘+4-p+ 1)

(p—1)* St

It
ef
tl:
tu

ob
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WA i +‘5P(PJI)W 4p(p™L4pL1)%
Gt S (P‘”I G-1)° 107 )
LR 411;41)) p(ps+xzp L11pkL)

(p—1)°
_ sprat | 10(pp It e
S N e S ok
19_3_24-4]) L) pr Rt +5(p§l.11p L11p+1)px+tx
T o (—
(P‘Urzép’wép L26p 1 1) (pF +1—p)

-"-I)f"

—1)E .
M-_{_.Ix 5_Px..+:x§ . ISCP_g_I\Px-_;-wa

——

S b p¥ = r— .
p—r  p—U” p—1)°
_20(p? o 4p LTpE T +13(p i r1pthrIp)pt At
p—nr - (g
6(p4+26p3+66p + 26p+ f)p”'-iﬁpx
(p—x)°
(P‘H?’P 4 302p° § 302 L s7p ) (pt 1 —p)
—1)7 &

. 177 Hinc intelligitur, quoties % fuerit funélie. rationa-
lis integra ipfins %, toties feriel, cuius terminus generalis
eft p¥= , {ummam exhiberi poffe; propterea quod “Uifferen-
maln ipfius = fumendo , tandem ad evanefcentia pervenia-

. Ira fi propopatur haec feries:

(wxlx)

phprtepitaoptt . L Ly
ob 'z.*_-?ﬁﬁ, & 51lf::‘.95*-[‘—.3;; atque ?ﬂjﬂi,‘j

2 - dx dx’
erit terminus fummatoriug ¢ :
_pfml-l( X ZM'+I pt+1 ) ('p—}-x I
N C
2(p-1) ZCP-I)

“a(p-1) * 2(}%1)

ee

)
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' ww , (p—3)x I

fcu gmpx A e e .(_E_u-_i}.; = p
R 2p—1) 20 (p—rpd (pif
Sip autem =z fuerit  funftio non ratiopalis integra, tum ifta
terminl fammatoril .expreflic 1n infinitum -excwret. lta fi

1 .
fit me==—, Ut fummanda fit haec {eries:

R S IR o S
2T ¢ 3 d 4-'1) % P
du__ 1 ddn_ 2 dix_ 23 BE_BIE g
di N%" dx® ,%’Bjdxa a4 ’dxq. 25 kS

rodibit terminus fummatorius: |

p-t (P"“IDMZFFCD—:;);S%- %)5@:4' ; (p-}_D 18

women
wacemt

‘Hoc ergo cafn conftans € non ex caln w==0 definirl po-
teft : ad eam igitur -definiendam  pomasur wo=m 1K qud fit
s p, erit! . _
I Gy ppapta
Commp— Lo o DT g B P 4 se)
e e TG R

178, Ex his perfpicoum eft nifi p determinatum il
ferierum

.

merum fignificer , parum utiliratis hinc ad fompias
proxime exhibendas redundare . Primum autem patet pro p
non poffe feribi 1, propterea quod omnes coefficientes #5 =
5, 8, &c fierent infinite magni. Quare cum feries , quat
Cunc traftamus, abeat in eam quapml ante jam famus O
templati fi pomatur p==1, mirnm eft, quoed itle cafus tal-
yam facillimus ex hoc erui nequeat. Tum - vero googe no-
tabile eft, quod cafu p== 1 fummatio requirat integrale Jzdis
cum tamen generaliter {umma fine ullo integrali exhlbfll
queat » Sic igitur fit, ut dum osnes coeficientes &, 6 ’ﬁ?lf
§ , &c. in infinitum excrefcunt , fimul formula ila 10tEST

g mee T eﬂ:‘ fO].U-S 9 a4
q‘;lflll

tis iavehatur . Hicque adeo cafus, quo pe= 1t s

FV I e T o T ST
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ifta

ob

0~

fit

- coefficientes evanelze

Ty

CAPUT wn 39%
quem generalis expreflio hic inventa applicari nequeat. Ne-
que vere hoc cafu generalis forma a vero recedere cenfenda
eft; nam etfi finguli termini fiunt infiniti, tamen revera
omnia infinita fe-deftrunnt zeftatque quantitas finita {immae

acqualis, & congruens cum. ea, quae per priorem methodum
ipvenitur , quod infra fufins fumus declararari .

179. Sit igitur p m=— L, atque figna in ferie fammands .

alternatim fe excipient,::
E o2 3 4
......,g-f—t'?‘--(:'f- d T
ubi . erit affirmativum " §i- 4 fuerit _numerns .
gutem., fi & fit- nuneris, impar .
_ —atb—ed-d . 4 pe s erit
+ 1 adz  6ddn. sdix Qe

=t &q,)_ FC.
ubi fignorum ambiguorum fi
par, contra vero fi w
gnis. erit :

gmé-}"cmd-}—cmﬁl}- e o s
I adz. . 6 diw iz 84z
Fo(amom g 2228 — %) + G
2 d  dye dx®  dya :
ubi fignorum ambignitas eandem fequitur legem .,

180, Hoc cafi coefficientes @, 6,9,8,¢,7, &
mvenirl poffant ex valoribus ante traditis ponendo ubique
p==— 1. Facilins avtem erentur ex formmlis generalibus
§ 175, datis, ex quibus fimul perfpicietur  alternos iftos

A
il

; par, negativium
Polito ergo. :
_ g

LY

-y

fit numerns impart.. Mutandis ergo fi-

re. Fafto emim p = —1 iflee formuiae
abibunt ip

I
o
QO —— g2
O — 2af
O —-2ay — {E
O — 2ay — 26, B .
HEee 2 -

g

perzus valet, i » fit numerns |
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unde cum fit §==o0, erit quogue d==o0, porroque L=o,
§==o, &e & reliquae literae ira determinabuntur, ut fit:

( :_“"'__" —_— - ?’ : — ‘-‘ .5 z - =
2 ’ & ? T0 ’
R + 99 _2ap-2gE
n == - = e ; &c
14 : 18
181, Quo ifte calculus commodius .abfplvi poflit intro-
ducamus novas litteras fitque: : . |
A B . C
O S e o — [ R e R .
I!?ﬂ J' . ? "‘I‘- 2! 304- ’ :I! 2! 3‘ 4. S, d‘,
- D E
omm e 3 QIR S e &e.
I.2.3 exs 8 , Te2:3 000 IO

Eritque fomma ante exhibita: -

I Adz Bd®z Cds =z Dd7 =z
T o265 0T o e &
+ z<z+ Lads  Lz.3.4d68  Lo2.8ds3 x,z...de?+ ‘ )
- Conft
Cosfficientes vero ex fequentibus formulis definientur :
Am= 1 .
AA
B b3 AR
. 1.2 2
6.3
3C==— AB
1.2
8 8. 7 6.5 EB
. 7Dm—-—z ACH 2705
1.2 fo 2. 30 4 2
LY . D, 80‘..
oE == 22 D 422 BC
: I. 2 I. 2.3 4 ' o~
. C
: 12.11.I0. 121510987 &
e B a  IHIRIOD gy g TSI 2
I, 2, L. 20 3 4 To 20 3 40 3
& '

quae hoc modo facilins atque ad calculnm -atcommodatm;t re-
praefentari p offunt :

=
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A=1 |
AA
B = 1. 2
C == 3.AB -
. 6.5 BB
.D=4.Ac+4-3-.;-—;—
. 8' 7
—— ..A.D+ ‘l__oBC
E 3 p 3 4 _
10,9 08,7 CC
F :-: 6'AE !— 6 * . ————
| 3 4 3. . 5.6 2
12,11 I2.11.1C.9
G = 7. AF + .BE + 7. by
rEET 3.4.5. 6
A &c‘ o
Hine igitur calenlo inﬁ-i_tuto reperietur ;
A== I \
B= I
€= 3
D= 17
E== 133 = 5.3
F== 2073 == 6o1.3 |
127.120
G= 38227 == 7.5461 == .___751;'__2
H= 029360 == 3617.237 |
I == 28320619 = 43867.9.73 &e.

182, Si hos numeros atrentius perpendamus, ex faori-
bus 691, 3617, 43867, facile concludere licet, hos nume.
ros cum fapra exhibitis Bernoullianis nexum habere, inde-
que determinart pofle. Hanc igitar - relationem -inveftiganti
mox patebit hos numeros ex Bernoullianis %, B, (5, D,

€, &e  fequenti modo formari pofle:

A
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A= 2. I. 3 9 = 2(2*~1) U%
Be—= 2. 32 5 D o= 2zt -1). B
C= 2 7.9 € e 2(26~1) €
D= 2. 15.179D = 2{28 -1) D
E =2 3133 € =202°-1)€
F == 2. 6365 § — 2(27®~1) §
G == z2.127.12¢ & = 2(z-1)
H=

2.25%.257 §H = 2(2 IB-I) H
&e

Cam igitar numerl Bernoulliani fint fralli, coefficientes ve-
vo nofiri integri, patet hos faltores femper tollere fraltiones ;
eruntque €rgo *

A =1

B =

-
5

7o

.31 =155

3.691 == 2073

7.43.127 == 38227

2573617 == 929369

9.73.43867 = 28820619

§.31.41.174611 = 1109632903

80.683.854313 == 51943281731

2.4097:236364091 == 290515104248,

2731.8191.8533103 = 191329672483963
&c. |

P

zgtﬂﬁwmmwmwn

RN

Tx his ergo numeris integris viciffim pumerl Bernonlliant

‘invenirl poterunt.

183, Adhibendo igitar numeros Bernoullianos feriel

Pmpoﬁt&e: 1 2 3 4 5 _ DR o

' g b ——d — o o - T %, fumma eritt

o e Gra)pe Gt B

'ﬂ;a 1.24% X.203.44%3 1.2 e0n Gd8% 1.2 .00 0487
S -~ Conft,

Hinc

)
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-Z-_g_ &c.)
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em perfpicitur iffos numeros non caly in hanc ex-
di; quemadmodun. enim feries propofita ori-

Hipe amtel t-
. em Ingr _ :

1e{ﬁi}1ﬂab i{tr;: . gt btec+d+ . . o =,

ubi omnes rermini fignum 1.1abent -+ fqbtrahamr fumma al-

4+ f+ &e. bis fumra ; i quogue expreflic

duas refolvi poteft partes, quarum altera eft fum-

m terminorum figne - affeCtorum, guae erit:

tur ,

rerporum &+
ipventa 1o

ma omnit :
1 Wiz WBd 3 = Bdiz
I . — R Y . —— ____& .
Jeds .2 =t 1.2d%  1.2.3.4d%%  1.2...6dx° ¢

Summa Vers alternorum pari modo invenietur , quo fhpra uft
fumus. Cum enim ultimus terminus fitr =z indict x refpon-
dens , antecedens indici #— 2 refpondens erit ; ’

| odz | 2%ddz 23d%% 24d4%

g — — _ L g

dv | rade®  L2.3d%3 0 1.2.3.4dx¢
qnae forma ex illa, qua ante terminus antecedens exprimeba-

: | . ® ;
wr, oritar, fi loco  feribatur — . Habebitur ergo fum-
2

ma alterporum , fi In fomma emnium ubigue loco x feriba-

k4 -
tur —, qudad Propterea erit
Z

29 d= 23983 z'_L 258d»
" a L -
To2dw  12.34d%%  L2...6dwS

i—fzdx’}-—_z—_z;f—

cuivs doplom & a famma praecedente fubtrahatur , exiffente x
pumero pari, vel fi praecedens fumma a duplo hoius fi » eft
pumerns impar fubtrabatur , refidunm oftender fummam feriei:
I 2 3 4 5 . . b
T N e R
| quae ergo erit:

I (22~1)dz  (24-1)Bd3z | o N
— A TR ke G
¥( 2 ﬁ...}. 1.2 dn B Y28 g.zg-,dw T e )+

quae eft eadem exprefiio , quam ‘modo Invenerannus.

184,
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- . r, : X an by

184, Samatur pro % potefias 1pfius. x, nempe #7,

‘ut reperiatur fumma {eriei: |
[=2"F3"—4"t . . . Fx*.

dz  # diz n(n=1)(n-2)

Ob = — "7 o= %"3

de X 1.2.3du? 1. 2.
erit adhibendis coeficientibus A, B, G, &e. fumma quacfita:

., B a(r-1)(m~2) p— 9@)&5&3)@2";&)

.
1‘1’?“-.[..---?2# — e e e ol g

% 4 I. 2. 3 6 I 2 3 4
An=1)eee. (#—6) . .
D E-}—-———-——(f _.,,) PP hmarits &C.) -- Conft.

8 2.

wbi fignum fuperins valet §i fic » numerus par, inferius vero

fi impar. Conftans autem it2 definiri- debet ; ut fumma eva-

nefcat, i w==o0 , quo cafir fignum fuperius valet. Pro »
ergo fucceflive numeros o, I, 2, 3, &¢ fubftituendo fe-
quentes prodibunt fummationes :

I, 1=—141—14F « « « Fr=Fi(n)+: .
fcilicet § nomerus terminornm fuerit par , fomma erit
e=o, fin impar erit ==~ 1.

I 1—24+3—%+ - . . ’-‘f—‘x-:iiig(x'-}—.%) -'5"1%

cilicet fi numerus terminorum fit par, famma erit ="z

1

& pro numero terminorum impari == 3 « + 5.

. @
5 oL

ML 1—2td gremart . . Far= Fiat+e)
© feilicet pro pari mumero =l gg— 3 ¥
& pro impari numero = L xwt T !
IV, r—23+33—43 4 .. Fal= Fo(h8 pianng)7E
{cilicet pro pari e L3 "
& pro lmpari = Llxs-fiat—ge
V. 120304t . . Fat=F ieter )
fcilicet pro numero pari o L gt g3 P 5 ¥
& pro numero impari = lxttxr—i"

&c. .
185, Apparet ergo in Poteﬂatibus- Paribus

e : us
#==0, conftantem adiiciendam .evanefcere , hifque {caﬁb
fam-

Praeter




vl

S

=

pym ™I o3
®n

ter
s
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fymmar terminorum .n'umero five parium .five, i‘mparium
fantam racione f1igni diferepares Quodfi: ergo- # fuent nume-
pus infoits, quonlam- 1§ et neque par neque lmpar, ha:eg
confideratio ceifﬁrq d§bet, ac propterca 1. ﬁ:fmrna. termint
ambigul funt _r-enclendl: undé fequitur- huinfmodi feriernm 1n
infnitum continuatariin. fugmmm exprimi per {olam quan-
fitateni conftantem adiiciendan .. Hancebrem erit:

PP I
R + &c. in infinitom == —~ .
' o A (2~0)%
— 2 + 3 =4 e &ew. o e e == T o e e
4. 2
1'——22-}.‘33"—“‘;4‘;2'%&&‘ D B o .
: R - B (241)%B
P L B &G . e e DR T
R & ;
g — 2t 3h— 4% F & o e e = )
o C. 281
I 2"5 + 35»-:-43-«!— &CJ .. 8 o:.- = — ':‘_:;_"f" g-—o-—)g
, binr X 6
— 2t 3=l & o v o O
gﬁ
1— 2.7+ 37 --*47‘% &Koo o e o =-—-—f_ ) .-_(1_;)_@

&c..

Quae eacdem- {ummuzae per methodom . fiipra traditam- feries
in quibus figna. + & — alternantar , fommandi inveniuntar.

186, Si pro » Ratuantor pumeri negativi, expreflio
fummae- in. infnitum excurret.. Sit. #==~— ¥, CIE {umma
{eriei : ' |

P, T I , Ik ro, _E
I _ + —— T — + ——— + Q- 0 6 e "g" "'—‘-.,:.:

2 3 4 ] G- i
~ I A B C D Y

( — o e e &cn)‘-{*- Conft.

A xt  4ut  6x° . B

Hic autem quia conftans noa eX calu #==o definiri poteﬁ:g
' F{f &¥



s

402 C AP UT Vi

ex alio cafu erit defintenda. Ponatur & == I, atque ob {um-
mam = 1 & fignum inferius erit:

171 A B C '
Conft, &=2 1 -~ — (w e 2 e S e &c.) {eu

2 NI 2 4 ¢ :

‘A B C D

X
Conft, 5= - = = e e e e = B
2 4 g a2 16

1
Vel ponatur # == 2 o fummam = ~— & figoum faperivs
_ " ,

l'eperietur :

T, i/ A . B C 3
COﬂﬁ'o _— T — (""’"‘ o Tt “‘]" e S immad +6{G‘}
2 2 %2 2027 424 628 ‘
3 A B ¢ , D

fen  Conft. oz = = o _-—-—-—----%-m_.__v—-&c
- 4.2%  S.24 32025 16.2%

fin antem ponatur #= 4 erit
17 A B < , D

Conft, mm —f — mmom— e e TR — &
: 4.4% B 4% i2.4% 16 4%
Utcumque autem’ -conflans definiatar., idem prodibit valor.,
gui fimul fummam {eriei in infinitum -consinuatae, quac eft
zz= [ 2., indicabite e
187, Cetervml ex his -novis mumeris A, B, C, D, &,
8, fummae ferierum poteffatum yeciprecarum _parinm , in
quibus tantum mumeri impares oCCHIrBne ;- commode [ummark
poterunt . Si enim poatur:

I I I, I ' . i
Tt 2"”‘+ 3’-”+T;~;n+ 5 + Bec. = 5 -ertt
- I I | S s
an + e 'i"-g;;,"l-&c*::»-;;z -

quae ab illa fubtralla relinquet:
A

. ) I , S PH

1 e e &G = Gl
3 A 52“ 72” 2, 2?‘"

Cunt




Cum 1g1tur valores ipfius s pro fingulis mumeris » jam fue
o ukhibuenmus : ( 125) > erit : :

, L _ A 2T
b o -‘"*_;- + '“’;' + “-"; + &e = [
T i, r B 4
L4 -— *“;'E“ — 4 &Koo= . T
3¢ 3% 74 : i.2:3 4 4
I L E G [3
pt —t — b &Koo= .
3 S“= 7i . ‘ 13‘2=glun‘6 4
I- i 3 D g
I:‘f",*t--'{"”-—g-l""-—{-_-,{-'-&c.ﬂ‘ A
3‘3 s" 78 Ii 20-3 ooa.,g‘ 4‘
I-r E. ) E 0
1+ ';";; + 4 BLC, == . ’T

Io2034.01I0 4
Co. .

Sin autem: ompies numeri; ingrediantur., ﬁﬁraque alternentir
quia erlt

S T (2 1) § 8.
I— ;_zpn ‘ 3,_.’-'71- ' 4.2'? z.zn
habebitur : | .

I I E T A g 7T 2= 19
i—— = - -&..__,gm- %) J ( H}L'-ﬂ‘2

o 3" 4% . 5™ ‘ 1.2 a 1.2
NI LRI (B2%) 74 (22-0B

Sy Stm— et C— i — rcm:”'_ﬂ_' . s

24 34 4% 54 1.2:3.4 4 | N

' T I I . (C28) m=* 29-1 @
I*-:—;-F - 6+ G-&c.::_( —_— = ( )

2 3 . - 1.2...6 4 1.2.0.6

I : : : ) 8 -
I - I,'+ : -&mgi:@’f :(27 j)@.ﬁ«s

2 38 a4F 8 T2...8 Io2eee8

! r I L E-2@) x 291,
I—"q-—; hTé‘m-““?—}“ "&Cp-m( év) " : ﬁ( )gc ﬁ’z

2 3 41w g L2.+I0 4~ I1.2.:.10

&,

. 188, Quemadmodum haBtenus feriem fumus contemplati,
@ills - termuni  erant produfta . ex términis progrefiionis
Fif 2 geome.
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geompetricas Py P

& ex ferminis feriet  eninloun-
us fmilt ranone ?:co{équi {e-
1 €% rerminis dparam qua-

quarnn Sltera tanguam cognita  aflu-

'3 8!{.00
8rc. 112 poterim

que @5 by €y : i
1 fint proaué’c

riem , cuius fermin
rumeungue {erierum ,
matur -
S
Sit feries cognita : A4+B+HCH - - 0 ]
hAc e n e

!
altera VEro incognita @ 4
y fumi

M.
L7
a

a s

‘atque:_'quaemtu hojus feriers
Ag-%*Bb‘—{—Cc,-{— v e e L '
quae ponaLUE o Ts. Sit'in ferie cognitd rerminns penultimus
— Y , 2tque pofite % =71 1oco & expretlio {ammae-S. Z¢

abibit in

ds dds dss d*s o
‘&Z; S""‘-' - i et ottt =T R v n\!‘ o
' ( de  2dx* Gdd | 2440t O\c)

feriel LS termino olrimo Z#

Quae cunt exprimat fummam
oraltatag erit: ' : |
vds . Vdds Yd3s | o
o e ."‘i" &C.

’Zs-«_Zz:‘Ys-—f——- PR
dx 2057 Gdw® -
o continet relationem , QU fumma Z$ pendet

R & =z
Ad hanc aeeluationem

quae aequatl
i ¥, %
189,

yefoivendan pegligantut

i ) 7% -
fFerentiales eritque § = E——«:;[ , _pomatit

primum cermini &

. 7.2 S

‘fe valor oG pr , fitque rEVEEa s e oy 2 quo
—Y ? _

- Z
valore 1N aequatione fubftitato fet: .
vdP* ., chﬂﬁj %

( )t dw 2d%*®
Ydp , Ydap -
— ol RN 0
de + 2ds®

e

addator gtringue ypr, & com P o— —
: E ? dx + ods®
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P, qui proqt i loco & ponatur x—1,

o valor ipfius
ﬁ ifte valor == P, entque

(Z— Y)p—i—YP’mYPm . ;‘a—;w&c,

JeGtis differentialibus erit:  pE=
Y PMPI L . )
Pynatil _%::_?{_2 _ Qj‘ : ﬁtque P"":Qf .,}__q . fiet
) q == V(Q: +dg) | Y(dQ +ddg) g,
(Z“— ! ¢ dx 2dx? '
ofiroque Q pro valore ipfins QF, quem 1ndurt fi loco &
Tepibator & == I, erit :

ande  Beg

Z—V)g+YQ =Y Q—=—7~ Y’jq + fjff’ — &,
unde neglefiis dlﬁ"&ientldhbus fit ge== X %: gj l .
Popatnr Y(gmg ). =Rz, fitque revera ¢==R7 +r;
ac fimili modo reperitur ;m%i—m%i ficque procedenco
erit fumma quaehits : Zs—7Z (P QT+ R + & )

1g0. Propofita ergo ferie quacunque:
A+ Bé-{—Cc-i* a3

cius {umma fequenti modo definietnr:

Ponatur pofito a=—1 loco x
Zz ' .
mz—;-;:—w - P abeatguc‘ Pz i P
Y(P-7) .
g R abeatque Q* in O
}—r—(—g'“g—z =R ; abeatque R~ in R

L=-Y v
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Y(R-~RY)

___________.-..-S:{.

o= abeatque §* iy g
Z-Y ? ! _

&e.
His valoribus inventis erit fumma feriei ==
| ZP*4 ZQ 4 ZR 1+ 7S + &,
4+ Conflante,, quae reddat fummam — J, fi ponatur = o
deu quod ecdem redit, quae efficiar, ug culpiam cafui fats.
fiat . ! ‘ :
191. Formula haec, quia nullis differentialibus eft im-
plicata, in plarimis cafibus” facillime adhibetur , atque etiam
- veram fuminam faepennmero exhiber. Sic fi_proponatur haec
feries : : | —~
p-w"":;.pz-{~9p3--¥~;6p4+ R o 20

flat Z==p® & R==a®, erit Ye=p*=s arque

Z p Y I .
e e L — e e e : £
A & A Pt Humge fie

. 2 ' — !

pP—I 2—1I
o 2PHFp 2p% + 3p
==y Q- _F_“—T
(p—1, (p-1)
2p 2p
Riemm 2. =
§t o= o ; & reliqui evanefcunt omnes :
- vnde erit fumma =
e (B sty ? 2P

P~1 .(PMI)“_}-(P“"“I)S (P""'I)z (p1)

mpr (Ll 2% phx Y L

Pt (p-1): " (p=p)3 (p~1)3
geemadnodom jam fapra invenimus .

192, Simili mdo, quo ad hanc fummas expreffionent
pervenimus , aliam invenire poterimus  expreflionem, 6 fﬁl’{e[s
propoiita non ex dusbus aliis fir compofita ¢ quae il}xs poltl -

' imun

L .

ti:
Vi
5~

/(
pon

§ o=

dit,
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fimum cafibus in b.I'u.m_ vocari poterit, cum in praccedente
expreffione ad dgnon;:.gatcres evanelcentes pervenitur. Sit igi-
wr propofita haec feres :
Iz 3 4 ®
s:__."tz+b c+r1+ e v e +z
quonian pofito & — 1 loco x, fumma nltimo termino trum-
catur , erit : -

ds . dds dis d4s 8
—E IS e e b &,
! C dx o 2dx*  6dwt | 24dut .
- : - ds dds = dsg d4s RS
; &l RO e e S N e Ce
1 fe dw  2dx* " 6dxs  24dx4
Quia hic ipfa famma s won occurrit, negligantur  differen.
tialia altiora , fietque s== fzdw, ponatur fzdw==P1, cuius
valor abeat in P fi pro & fribatur & — 1 : fitque revera
s=mP*4p, erit:
t aP'  ddP: dp  ddp
: 2:.,.."‘,..."———-—‘""""-—--——'}"&0. —-—“"""'——'—-—+&Cw
: dx 2d5* + dx  2ds?

. 4Pt adP?
i‘ goia eft P::;P“a-.——-gx— Tl X C

grit =Pt P E@m iﬂ—z -+ &c. unde fit -
: dw  2dx*?

p=f(z—P*+ P)dx. §i perre ponatur S (7= P P)dam=Qr

hicque valor abeat in Q pofito & — 1 loco x , fit
[(5—P 42— Q1+ Q) v =R 1= Q' f(QF 2 Q) ds
porio R*—fIR*~R)due=S*; e, erit fumma quachita:
$=PIA Qo R §5 4 &, Con. qua uni cafui fatisfiat.
. 193. Mutatis alignantum litreris iffa famumatio huc re-
dit. Propofita ferie fummanda : -

r oz 3 4 -
S=ahbdcddd 1L L ez
Ponarur - pofito X w—1 ,loco x

. J7dx P abeatque P in P
P&f(Pmp)xdx:-.:Q, abeatque Q .in ¢
{ Q~f(Q~—g)dw==K abeatque " R in #




408 CAPUT VIL
quibus valoribus inventis erit fomma quaefisa:
: s=P+Q+R+S+ &
haecque expreflio expedite oftendit fammam, fi formulie
iftae inregrales exhiberi queant. Sit, ur ufum eins exemolo
iluftremus , == xx 4 Ay eritgie
Pe=lwd b lun;, pojud — i
Po—pmmag = & F(P —p)dwostud— T W

P T s w3 — a2 s
Q_u;‘u.ﬂJQ"%‘, g == AR 6x+'§-

Q—gma—i& [(Q—g)ds=iam—su
Roesita P R g

> - : *
R—ez=t f(R"'“?”\)d”m}“‘"
r

$ == o, reliquique valores evaneicuat. Quare fumma guac-
fita exiv e ' : -

L 2
2 ' g T eean T L2 ¥ ] --F— b
Fimbixmiat b dio=In(ntr) (v12)
+ix.
2z

Hocque eigo modo ompium frrierum, quaram termidl gene- -

rales funt fonffiones rationales integrae ipfius , {ummae
ope intsgrationum consinuarumy invenirl poffunt. Ex quibus
facile perfpicitur, quam ampiam occuper campim dottrind
de fummatione ferierum , neque omaibus methodis, QU
tum habentur tum adhmc excogitari poflunt, capiendls plura
volpmina fufficere.

194. Haltenus fummas ferieram inveftigavimus a I
mino primo ufque ad eum cuius index eft x , quibus cozak
tis ponendo x == oo ipfius fertel In infinitum g.ogtmuatde
fumma innotefcet . Sdepenumero astem hoc expeditits prac-
ftatur, fi pon famma terminorum a primo. ufque ad o
cofus index eft », fed fomama omnium terminorum ab iito,
cuins index eft &, in infinitum ufgue gquaeratur, hocaue
cafu imprimis exprefiones ultimae fnnt traétabiliores - .5”
igitur propofita feries cujus terminns generalis fea indict f::
refpondens fit ==, f{equens indiei- » + I refpondens

| o era-
m=zt, huncque ultra fequentes fint 7%, 211, &G qua

turque fumma huins feriel infinitae : x
: b




c APUT Vi T 409
x4 %bI, %42y %13, ~

— gzt o w + ZITE -}— &c in mﬁmtum ‘
Haec icrltur fumma- s erit fun@io ipfins &, in qua fi pona-
tur x+ ¢ loco s, orietar fumma prior termino % tehnca-
fa. Cum ewo hac mutatione s abeat in |

f.l-_.%_iw{- 4 &c.  erit:

adse® | ‘ I
ds dds d3s d*s d3s
§m R S+ de  2dx® Gdx? | 24.dx4 120453

d dds ' d3s . dis ds
feu o-—---*%'\L d 3. d +-——.—~S-,-,+-—L+——--i--|-&

Ju zdwm® | Gdwd  24dut 12044
195. Si ‘nunc ut ante ratiociniom inftitnamus , fiet
negletis differentialibus * fuperioribus , s = G — [xdwx . Pona-
wr ergo fxdx == P, fitque revera - £== C—P+fp, ert
4p ddpT 4P | : <

gm0 i e i e e — &G
© K dy  2dx™ Sdut ¢
dp [ ddp -, 470 4 g

r— &u.

+d’>"“+.ud 69’,953 T XL

Abeat P in P*, f loco » ponatur x + 1, eritque

d ds
@ ==°% {"P-—*P"“}-‘ P"I‘ z?:; : -3:%"*' &c.

Hinc neglettis dlfferentlahbus altioribus fiet:

p=f(B*- dex—- Sratnatur /(P T~ P)dx ~ =—0Q,
ﬁtque pm——-Q—[—g, “erit:
d ddg
e:z-{-P'wP’———Q—-—wé—g- +dq 'I* +8€Cn
dre . zdx* .
Abeat Q in Q fi loco a ponatur x —[— Iy elltque s
ddg”
= — " — - &e.
o= z+P —P: +Q Q + zdx '}‘:. c

mde fequitr g==/(Q* — —Q) a’x — Q Quamobrem fi

comma cuique quantifati infixum denotét eius valorem , quem

indnit pofito » -+ 1 loto ¥, ponaturque
Ggg -~ . VE
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. frduw =P

P f( PrP ) = Q

Q—/(Qr—Q)ds = R
. . R—/(R*—R)de = § &
erit feriel propofitae =z’ -zl r it et $-&e. fum.
maz=C—P — QR — 8§ —&e ubi conftans C ita de-
bet definiri, ut pofito x=oo tota” fumma evanefcat. Quin
autem applicatie  huius cexpreflionis. .integrationes requirit,
hoc loco eins ufum declarare ‘non licet. - _

196. Ut autem gformulas :integrales .evitemus, flatua.
mus {ummam feriel ==y s, exiflente y Aunltione 1pfus &
quacunque cogeita , cuins valores y7¥., p3 &e. qui prodeunt
ponendo x + I, x4 2, &e doco ., -erunt noti. Si lam

. ponatur % -+ 1 loco x prodibit fuperior feries termino pri- -

‘mo molétata, culus  {famma L_Pl'optﬂl_‘ ea erit
as Adds cel 3y

Sttt ;=6dx-:3-+,’5.‘;) paE
_ y'ds y'dds yd3s | ‘ .
. R —— - B . k & o o (g e
feu =t dx +_2dx=+.»6dx3+' ‘ <z )
ande negle@is differentialibus oritnr «sis ——,. Statuatur
| ' y=J
,% == P, -fitque revera s==—P+p, et
F eV ¢
| ydP  yddP  ydiP .
dx éd.a;-zm_édx?‘ R ..._,'(' AT
oy g = (y—7)P
.? P +.y P’{_;}, I f’+ &Co .
dee.. ' 2dx?  Gdxi . ... BT .
. }”dp y’ddp y’dap' oy ;; ” ' .
d g — oLt & =y (P-P)= e
ideoque .dk'_+zdxﬁ+6d,¢-a.+&' y(E-P)=-0
NG AR -
Statnatur Q:“y—;-];j__@’ fitque  p = Q F ¢; eit:
-y . _ )
y ooy efdg  ddg . g .
7 ! N RE L L d-fre. } mme— iy q.
.y (R Q)+s (dx+2a’.x“.+ &c) - 7)

Statuatur sz___(_%:—_@_._)) fitque ¢ =R
: y =7 :
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Hocque modo fi ulterivs progrediamur.  Seriei propofitae:
SR

fymma fequentl modo- invenietar.. : ‘ | |

qumta pro lubitu. funftione iplus. &, quae: fit ==y , fratuatur :

P = T
JJE;I_-?P : l- %JI“
<1==?;5¥*my}+"ﬁp
f’ R f‘_ ﬁ -‘ .
s = 5T = = 4 AR
‘ V= By. o &

Hincque erit fumma. quacfita :
== C— Py +Qyp— By + 8y — &, .
Sumta pro G. einfmodi conflante , ut pofito. & ==:0n. fumma
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Capite primo. Hinc autem aliis pro y valoribus accipien-
dis infinitae aliae expreffiones erui poterunt ; unde es, quae.
cuique cafui maxime fit accommodata, cligi poteit.



