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Abstract

Let k be a finite extension of Q and p a prime number. Let K
be a Z,-extension of £ and S the set of all prime ideals in £ which
are ramified in K. We denote by A/ the p-Sylow subgroup of the
S-divisor class group of K. We give a criterion for AL, = 0 which
can be applied for general Z,-extensions. Further we especially inves-
tigate the criterion for a totally real number field k& in which p splits
completely.

1 Introduction

Let k be a finite extension of Q and p a prime number. Let K be a Z,-
extension of k£ and k, C K the unique cyclic extension of k of degree p”.
Further let S be the set of all prime ideals in k£ which are ramified in K. By
Theorem 1 in [11], all prime ideals in S lie above p. We assume that all prime
ideals in S are fully ramified in K. We denote by A,, the p-Sylow subgroup of
the ideal class group of k,. We put A, = li_r)n A,, where the map : A, — A,,

is induced by the natural inclusion map i, ,, : k, < ky,, for m > n. We will
denote the induced maps by 4,,,. Similarly we denote by A, the p-Sylow
subgroup of the S-ideal class group of k, and put A, = 1i_r>n Al

The main purpose of this paper is to investigate capitulation of S-ideals
H! = Ker(ip @ A, — A.). For totally real fields & and K = ko the
cyclotomic Z,-extension, some criteria for A’ = 0, i.e. A, = H, for all n
were given in [2, 4, 5, 6, 20]. We first generalize them to apply for general
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number fields k& and general Z,-extensions. Put S, = {p,|p?" = ign(p),p €
S}. Denote by k., the completion of k, at p, and by U,, the group of
principal units in &, ,. We define the following groups (cf. [19]):

Up =A{(u,) € H Up,| H (up"’ b K ) =1 for all m > n},

Pn€Sn PnESnH
‘/;n = ﬂ Nkm,pm/kn,anpm7 Vn = H %n’
m>n Pr€ESh
_ X _
Woo = () Ny ftnsn Frnpr: Wo= [ Whn.
m>n PnESn

where <%j/k> is the norm residue symbol. Let d, be the diagonal map

kX — Hp cs, krp. - Let B, be the group of units in &, and Ej, the group of
S-units in k. Deﬁne

E, =U,Ndn(E,) and E, = U, N (do(EL)W,,),
where A is the topological closure of A.

Theorem 1. The following statements are equivalent.
(1) AL, =
(2) Ay = H'(k,/k,E.) and U, = V,E, for some n.

For every totally real number field £ and the cyclotomic Z,-extension
ks, it is conjectured that §A,, is bounded as n — oo, which is equivalent to
A = 0 (see [5, 11]). If Leopoldt’s conjecture is valid for k and p, i.e. (Z-rank
of Ey) = (Z,rank of Ey), the conjecture is equivalent to A’ = 0. Several
authors gave sufficient conditions for the conjecture and verified them for p =
3 and quadratic fields with small discriminants (see [2, 4, 7, 8, 13]). However
the conjecture is not proved in general. Following [5], we study two typical
cases. (A) Only one prime ideal in k ramifies in K. (B) k is a totally real
number field in which p splits completely, and Leopoldt’s conjecture is valid
for k and p. By studying inflation maps H?(k,/k,E!) — H*(k,/k,E),
we can show a difference between (A) and (B). The following corollary and
theorem are reformulations of Theorem 1 and Theorem 2 in [5].

Corollary 1. Assume (A). The following statements are equivalent.
(1) A_=0.
(2) Ay = H'(k,/k,E.) for some n.



This corollary is immediately obtained from Theorem 1. In contrast to
the former result, Theorem 1 in [5], we do not have to assume that k is totally
real. For an extension M /L and a subgroup A of M*, we define

R(M/L,A) = Ker(H*(M/L, A) — H*(M/L, M*)).

Let j, be the natural map R(k,/k, E,) — R(k,/k, E!). For a Z-module A,
put rk, A = dimg, (A/pA). We denote by m > n that m — n is sufficiently
large.

Theorem 2. Assume (B). The following statements are equivalent.
(1) A =0.
(2) Ay = HY(k,/k,E.) for some n and
rk,R(kn/k, E),) = 1k, (R(kp /K, E))/ jm(R(kn [k, E))) for all m > 0.

If (1) holds, the last statement can be verified by finite steps. We will
give an example which explains how to apply (2) for verification of (1).

For a general number field &, let k& be the composite of all Z,,-extensions
of k and L; the maximal unramified abelian p-extension of k. Greenberg con-
jectured that Gal(L;/k) is pseudo-null as a Z,[[Gal(k/k)]]-module. When k
is totally real and Leopoldt’s conjecture is valid for k£ and p, this is equiva-
lent to the above conjecture. For this generalized conjecture, capitulation of
S-ideal classes in Z,-extensions is also important (cf. [15, 17]). We hope our
criterion will play some role for study of multiple Z,-extensions.

2 (General case

We use the same notation as in introduction. Put I' = Gal(K/k) and I, =
Gal(K/k,). Fix a topological generator v of I and put 7, = 7*". We denote
by Ny, the norm map k,,, — k,, for m > n. We will denote induced maps by
Ny Put s =45 =15, and H,, = Ker(i,  : A, = Ax). For a G-module
A, we denote by A% the fixed subgroup by all elements in G.

The following proposition was proved by Greenberg (see Proposition 2
and the proof of Theorem 1 in [5]).

Proposition 1. The following statements are equivalent.
(1) A, is bounded as n — oc.

(2) A, = H, for alln > 0.

(3) AFCH foralln>0

(4) A



In a similar way, we can prove the following proposition.

Proposition 2. The following statements are equivalent.
(1) ﬂA’ is bounded as n — co.

(2) Al = H! for alln > 0.

(3 )A’FCH’ for allm > 0.

(4) A

Let D,, be the subgroup of A, consisting of classes which contain ideals
whose prime divisors lie above S. Then we have A/ = A, /D,,. Let I,, be the
ideal group of k,, P, the principal ideal group of k, and @, = {a € I,| all
prime divisors of a lie above S}. Put Dy, ,, = ((Quminm(Pn))/inm(Pn))[p] and
identify A, with (in.m(Ln)/inm(P))[p], where Ap] is the p-Sylow subgroup
of A.

Lemma 1. There are exact sequences:
0 — HY(kp/kn, Em) = DpnA, — Alr — R(ky /K, En) — 0,

0— H'(ky/kn, E) — A — A’mF" — R(ky/kn, E) — 0.

Further
H" (ko /kn, E) = En[Nul /EJ

Rk /Eons En) 2= (B O Nyk) /Ny B,
H Ui [, E) & Fp [N /B
RlFinbus Eip) 2 (B O Nob25) [ Now .
where A[Np, ] = Ker(A — A (a — Ny, ,a)).

Proof. We obtain the above exact sequences from the p-part of seven term ex-
act sequences independently found by Auslander-Brumer and Chase-Harrison-

Rosenberg (see [1, 12]). For a Gal(k,,/k,)-module A, since Gal(k,,/k,) is
cyclic, we have

H ki, A) 22 Alvnm] JA " and H (K /kn, A) = Afy, — 1] /A",

where v, ,, = fmo i Alvnm] = Ker(A — A (a — am)) and Ay, —
1] = Ker(A — A (a + a™71)). Since N,,,a = a"» and A = Aly, — 1],
the lemma follows. O

Lemma 2. Fore € E/,, € € N,, .,k if and only if d,(¢) € W, UP""



Proof. For a prime ideal q,, of k, which is not contained in S,,, q,, does not
ramify in k,,. Hence by local class field theory, ¢ is a local norm from the
completion of k,,, at any prime ideals lying above q,,. For p,, € 5,,, ¢ is a local
norm from k,,,, . if and only if e € W, U,ff:fn by local class field theory. By
the Hasse norm principle, the assertion follows. O

Let p'» (resp. p'») be the minimum annihilator of the group U, /(V,E,)
(resp. Up/(VoE.)). If U, /(V,,Ey) (vesp. U,/(VoE,)) is not finite, we define

t, = 0o (resp. t!, = 00).

Proposition 3. Form >n >0,

A - p(m—n)(s—l) B

ATy — A . .

M = B B N = HAn - 8O/ (VaEn)),
/ Al pm=)(s=1) / _

[E! : E!' N Ny kX

If4(U, ) (V,E,,)) < oo (resp. ﬁ(Un/(VnE;)) < 00) and m > n+t, (resp. m >
n+t'), inequality can be replaced with equality.

Proof. By Lemma 4.1 in Chapter 13 in [14], we obtain the first equality.
If U,/(V,E,) is not finite, the above inequality automatically holds. So
assume that U,/(V, E,) is finite. Since S, = s, U,/V,, = Z,* . By Lemma
2, e € E,NN,, .k if and only if d,,(¢77') € V,,UP" " where ¢ is a large power
of p. S0 Up/(VaUn N dn(Er N Nypnkit)) = Up /(VaUP™™") 2 (Z/pm=mZ)s~1
for m > n +t,. Since

En/(ExONynkX) — (VoEL)/ (ViU N dy(Ey N Nypnk))  ([e] = [dn(e)7Y])

is an isomorphism, the first assertion follows. The other assertion can be
proved in the same way. O]

Theorem 1. The following statements are equivalent.
(1) A =0.
(2) A} = HY(k,/k,E.) and U, = V,E, for some n.
Proof. Using Lemma 1, we obtain the following commutative diagram with
exact columns:
0 — HYkn/k,E) — Ay — A" = R(kn/kE) — 0

T InfiLM ” T Z-n,m T Infgz,m
0 — H'(ko/k,E) — A — A"  — Rk,/kE) — 0,



where Inf, , maps [e,], to [ex]m and Inf’ | maps [e], to [ "],

Assume (1). Then we have iy, Ay = 0 and Ay = H'(k,/k, E!)) for n >0
by Proposition 2. Since §A/ is bounded as n — oo, ﬁA;F is bounded as
n — oo. This implies that U,/ (VOFE)) is finite and that

Uy N do(E) N N, ok )WV = UE"V,

for n > t; by Lemma 2. Since Infi’m is a zero map for m > n, for all
e € BN N, ok} there exist some ¢, € E/ with e?" " = N, 0e,,. Hence we
have

Uy N do(N o ELYWoVe = ULV

for m > n. Since Ny, : Up/ Vi, — (Ué’mVO)/VO is an isomorphism, we obtain
Up = VB,

Assume (2). Let n be an integer which satisfies U,, = VnE;. Since iy,
U, /Vi, = Uyn/ Vi is an isomorphism (cf. [19]), we have U, = V,,E for m >
n. For all e € B} N N, ok} there exists &, € E!, such that dy(e(N,0e,)7") €
UV Wy for any m > n. By Lemma 2, e(N,oe,)"! = & € FEyN Ny okX.
Therefore we have

Infy o ([eln) = el = [e(Nnoe) ' " = [

Since Up/(VoE,) is a quotient of Uy/(VoUE"), AL and #R, (k. /k, E.) are
bounded as n — oo by Proposition 3. For m > n, Infi,m becomes a zero
map and A" C H’. Therefore, (2) implies (1) by Proposition 2. O

As follows from the proof, if U,, = VnE; for some n, then it holds for all
n > 0.

Corollary 1. Assume (A) only one prime ideal in k ramifies in K. The
following statements are equivalent.

(1) A_=0.

(2) Ay = H'(k,/k,E.) for some n.

Proof. Since s = 1, we have U,, = V,,. Therefore by Theorem 1, the assertion
follows. O

3 Totally real case

3.1 Theorem

In this section, we assume (B) k is a totally real number field in which p splits
completely, and Leopoldt’s conjecture is valid for £ and p. This conjecture
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is valid if and only if $AL is bounded as n — oo (cf. Proposition 3). Under
the assumption (B), since D,, C AL, $A,, is bounded as n — oo if and only
if A/ is bounded as n — o0o. Moreover Leopoldt’s conjecture implies that
the cyclotomic Z,-extension k. is the unique Z,-extension of a totally real
number field k, i.e. K = k.

Lemma 3. Assume (B), then
Eo N N oklys, C £EE
for alln > 0.

Proof. Since p splits completely in k, Vo is trivial. Leopoldt’s conjecture
implies that Uy/(VoEo) = Uy/Ey is finite and that ¢ty < co. For ¢ € Ej,
€ € Nyt 0k, if and only if do(e?™') € Ug"“” (resp. dy(e?) € Ug’"”(’“)
for odd prime p (resp. p = 2) lzy Lemma 2. Since Ugt‘) C Ey, Leopoldt’s
conjecture implies that ¢ € £Ef . O

In the following lemma, we do not assume (B).

Lemma 4. Assume that K = ko the cyclotomic Z,-extension. For every
unit (resp. S-unit) € € kN Qoo, we have € € Ny, oE, (resp. € € Ny, oE)).

Proof. Put Qv = kN Qu. Then we have k, N Qo = Q1. Let us consider
an exact sequence of Lemma 1 for Q,. By local class field theory and the
Hasse norm principle, every unit in Q, is a local norm and also a global
norm. Since A, for Q is trivial for all n > 0 (cf. [9]), every unit is a norm of
some unit. [

Lemma 5. Assume (B), then
Inf) . : H*(kn/k, Ey) = H?(kp/k, En,)
is injective for m > n > 0.

Proof. For € € Ey, if " " € NyoEr,, we have € € Ey N N, ok, by Lemma
2. Therefore it suffices to show that Infim : R, — R, is injective. Let m >
n > ty. Suppose € € Ey N Ny, ok,;,. Then we have € = :|:771°M7t0 by Lemma 3.
Here we have npn_to € Npok, and —1 € N, oF, by Lemma 4. Hence Inffl’m :
R, — R, is surjective. By Leopoldt’s conjecture, Uy N dy(Ey N Ny ok) =
UY and (N, oE,)"" " C NpoEnm for m > n > t;. Therefore we have
that R, > tR,, and that R, is constant for n > 0. This implies that
Infi}m : R, — R, is injective. ]




Lemma 6. Assume (B), then
R(ky/k, E,) = Ker(Inf’, ) ® R(ky/k, Ey),

Ker(Inf?wo) >~ ((e)le € E{ N Npok)/{(e)le € NnoEy)
forn > 0.

Proof. We first show that there exist two subgroups 1L, II/, C E{ N N, ok
such that

R(k,/k, E.) = (E\, N Npok))/NnoE, = (1L, /I1) @ (Ey N Nyok, ) /NuoEn

for all n > 0. By Lemma 5, Leopoldt’s conjecture for k£ and p implies that
tD,, < #Al is bounded as n — oo. Since Ny @ Dy — Dy, is surjective, Ny, ,
is an isomorphism for all m > n > 0. This implies that (II') = ((¢)|e €
N,oE!) C I is constant for all n > 0. Further we see that (II) = ((¢)|e €
E{ N N,ok)) C Iy is also constant for all n > ¢y by Leopoldt’s conjecture
and Lemma 2. Let

)/ X Z/p"Z S Z/p"L & - S L/p"™'Z

as an abelian group. Put a = max;<,<y{n;} and let a; be an element in
E)NN, 400k, such that {(a;)} is a basis of (IT) and that {(a?"*)} is a basis of
(IT"). Let b; be an element in Nyi40L7 ., such that (b;) = (a”™). For n > ty,
we have bi/afni = isfa for some € € Ey by Lemma 3. Put a} = a;e”" ™ and
b, = a;pni = £b,. By Lemma 2, we have ¢; € EyNN,, ok, and a; € E{NN, ok,
By Lemma 4, —1 € N,oE! and b, € N,oE,. Put II, = (a))1<,<y and
I = (b))1<i<s. Then we easily see Ej N N, oE), =11, & (Ey N Ny oE,) and
NyoEl, =11, ® N, oE,. By Lemma 5, Inf’  : R(kn/k, E,) = R(kn/k, En)
is an isomorphism for m > n > 0. Therefore we have

11, /1, = Ker(Inf? ,, : R(ko/k, E,) — R(k,/k, E,,))
= Ker(Inf? , : H*(k,/k, E,) — H*(k, [k, E},))
for m > n+a. O

Theorem 2. Assume (B). The following statements are equivalent.
(1) A_=0.
(2) Ay = H'(k,/k,E.) for some n and
vy R (o /K, Bly) = 1y (RO /s L) [ (R(kin %, En))) for all m > 0.



Proof. Take m and n such that they satisfy the assertion in Lemma 6. Using
Lemma 1 and Lemma 6, we obtain the following commutative diagram with
exact columns:
0 — HYkn/kE,) — Ay — A" — Ke(Inf, )& R, — 0
T Inf,l%m H T Z.n,m T Infi,m
0 — H'k./k,E) — Ay - A" — Ke(nf )&R, — 0,

where R, = R(k,/k, E,).

Assume (1). By Proposition 2, it follows Aj = H'(k,/k, E!) for some n.
A map iy o 0 ALY — A" is a zero map if and only if R(k,,/k, E,,) is trivial
for m > 0. Therefore tk, R(k.,/k, E.,) = tk,(R(kn/k, E),) ) jm(R(km/k, En)))
follows.

Assume (2). By Lemma 6, R(k,,/k, E,,) is trivial for m > 0. By the
above diagram, i, o : A;nF — Agor is a zero map for m > 0. By Proposition
2, the assertion follows. O

By [5, Theorem 2], A, = 0 if and only if AL/D, for n > 0. By the
following proposition and Theorem 2, we can show this assertion.

Proposition 4. Assume (B) and that ig,,(Af) is trivial. For n >0,
Ker(H(kn/k, AL)) — H'(kn/k, Dy)) = A}, /Dy, = R(ky, [k, Ey),

ALY J(AY)Dy) = Rk /k, EL)/jn(R(kn /K, Ey)).

Proof. From a short exact sequence 0 — D,, — A,, — A/, — 0, we have
AL /D, = Ker(H(k,/k, A) — H'(k,/k, D,)).
By Lemma 1, we obtain the following exact sequence:
0 — A, /(Dnion(Ao)) — R(ko/k,E,) — 0.

Hence by Lemma 6, the assertions immediately follow. O

3.2 Examples

Let k£ be a real quadratic field in which p splits. In this case, Leopoldt’s
conjecture immediately follows for all k£ and p. If A = A, /D, is trivial for
alln >0, #A,, = D, < #Al is bounded as n — oo by Proposition 3.



Theorem 3. Let k be a real quadratic field in which p splits. Suppose that A,
s not trivial for some n > 0. Then the following statements are equivalent.
(1) A —o.

(2) (a) Ay = H'(k,/k, E.) for some n,

(b) R(kn/k, EL.) is cyclic as an abelian group for all m > 0,
(¢) R(kw/k, E)/jm(R(km/k, Ex)) is not trivial for all m > 0.

Proof. Let (II) and (II') be the same groups as in the proof of Lemma 6.
By Lemma 4, p is contained in N, oE! for all n. Hence (II)/(Il') is a cyclic
group. Since I and A,, are p-groups, A, is trivial if and only if AL is trivial.
For m > 0, we have (II)/(1l') = R(kn/k, E!,)/jm(R(kn/k, Ey)). Therefore
the assertion follows by Theorem 2. ]

By Proposition 4, (2) is equivalent to the following statements.
(a) Ay = H'(k,/k, E!) for some n,
(b) A” " is cyclic as an abelian group for all m > 0,
(c) A"V /(AL /D,,) is not trivial for all m > 0.

We will give examples of k£ to which we can apply Theorem 3.

Example 1. Let £ = Q(v/2659) and p = 3. The conjecture was verified
for this case in [4]. Following [2], Fukuda and Taya defined invariants n(()n)

and né”) for real quadratic fields £ and odd prime numbers p which can be
written as follows:

(n) — (n) .
ph = p" (U, VL E), P2 = p (U, VL Ey).

From the table of [4], np = n(()o) =2 ng=nl¥ =3, n[()l) =2, n) =4, 4Dy =
p, Ao = p. tDy = p, 24, = 7. Hence we have £Ay = 1, #(Un/VoTy) = p and
#(U1/V1E}) = 1. By Theorem 1, we can verify the conjecture for k and p.

By the method in [7], we can verify the conjecture for this field and p = 3,
using cyclotomic units in k.

Example 2. Let £ = Q(+/12007) and p = 3. From the table of [3], ny = 3,
ny = 3, n[()l) = 3, ngl) =4, 4Dy = p, 14y = p, D, = p, #A; = p*. Hence we
have A, = 1, ﬁ(Ug/%Eg) = p? and (U, /ViE}) = p. We cannot verify the
conjecture for k and p in the same way.

However, by our criterion, we can verify the conjecture for this case in
the following way. First we show that A/ is cyclic as an abelian group for
all n. Let ¢ be the non-trivial Dirichlet character associated to k and fy,(1")
the Iwasawa polynomial associated to p-adic L-function L,(s,v) (see [10]).
Then we see that f,(7T') is reducible of degree 2 in Z,[T] by computation.
By the Iwasawa main conjecture proved in [16], Gal(M/k,) is isomorphic to
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Z,®Z, as an abelian group, where M is the maximal abelian p-extension of
k unramified outside p (cf. [19]). Moreover, since Ay = Dy = Z/pZ and A,
is a quotient of Gal(M/ky), A is cyclic as an abelian group. Further, since
AT D ANY/D, 8D, > gAN /AT = pt/p? = p? for n > 1 by Proposition
3. Hence we have $4," = p> > #(AL/D,) > p*/p* = p for n > 1. Therefore
(a), (b) and (c) hold for k and p.

By the method in [7], we can verify the conjecture for this field and p = 3,
using cyclotomic units in k3.
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